Redox titration curves were computer-simulated subsequent to determination of acidity constants, complex formation constants, and normal redox potentials; solution concentration could be determined. 20 For the simple cases of homogeneous coefficients for both redox couples in a redox titration, an exact equation has been derived. 21 Expressions have been reported for determining concentration of oxidized and reduced form of analyte and formal potentials of couple titrated and reagent couple, along with their standard deviations. 22 Experimentally observed potentials were fit to the Nernst equation modified for deviations from linearity, and the concentrations of oxidized and reduced forms of the titrated couple could be determined without the necessity of continuing to the inflection point in a stepwise redox titration. 23 Most simply, the redox titration curve has been described mathematically for simple redox titrations as a ratio of formation and dissociation curves. 24 Redox titration data have been reported for a mixture of Cr(IV) and Fe(III). 25 While equations have recently appeared for simulating redox titration data of mixtures to theory, they stopped short of least square fitting of the parameters. 26 These are based on previous equations. 24 In this work, equations are derived whereby redox potentiometric data for mixtures may be fit to analytical equations; the standard deviations are also obtained. The equations allow the standard reduction potential, number of electrons, and concentration of analytes to be determined.
The equations that are herein derived are verified by application to the following cases in aqueous solution: (1) Simple Nernstian behavior; a typical oxidant, ferricyanide, is converted into its reduced form, ferrocyanide; (2) Fe(II) titrated with Ce(IV); (3) ascorbic acid titrated with Nbromosuccinimide (NBS); (4) catechol titrated with NBS; (5) an ascorbic acid-catechol mixture titrated with NBS.
Theory
Two classes of redox titrations will be treated in order: first, a mixture of analyte oxidants being reduced by a mixture of titrant reductants; second, a mixture of analyte reductants being oxidized by a mixture of titrant oxidants.
Analyte oxidants with titrant reductants
The general unbalanced titration equation for a mixture of analyte oxidants titrated by a mixture of titrant reductants is given in Eq. (1),
where subscripts ai and tj refer, respectively, to the ith analyte and the jth titrant. For analyte oxidants undergoing reduction by a characteristic number of electrons, nai, with standard redox potential Eåi, and titrant reductants with redox potential Etj undergoing oxidation with ntj electrons, the variables αi and τj may be defined by Eqs. (2) and (3), based on the relevant Nernst equations,
where R, T and F have their usual meanings. The variables αi and τj range from zero to infinity as E varies from much greater than to much less than respective E˚ values. At each point in the titration, the sum of equivalents of Rai and of Otj produced are equal. Combining the mass balance equation Cai = Rai + Oai with αi, and Ctj = Rtj + Otj with τj, allows expression of the fraction of each analyte and titrant in the reduced and oxidized form, respectively, Eqs. (4) and (5).
At every point in the titration the sum of equivalents of reduced analyte equals in magnitude the sum of equivalents of oxidized titrant, Eq. (6):
where each analyte shares the same volume Va and each titrant shares the same volume Vt. Equation (6) may be rearranged, as shown in Eq. (7), to allow the calculation of Vt given the value of Va and the other parameters (some of which are functions of E):
Analyte reductants with titrant oxidants The diametric opposite to Eq. (1) is written in Eq. (8) for a mixture of analyte reductants titrated by a mixture of titrant oxidants.
In this case the fractions of analyte i and of titrant j in oxidized and reduced forms, respectively, are Oai / Cai = 1 / αi + 1 and Rtj / Ctj = τj / τj + 1, and the equation based on equality of oxidant and reductant equivalents is given in Eq. (9):
Regarding Eqs. (1) - (9), further note the following. (i) Prior to titration, analytes and titrants must be fully converted to reduced or oxidized form. (ii) In reactions where analytes or
titrants combine with or yield additional species, the Nernst equations must be modified accordingly. 26 (iii) For simplicity, activity coefficients have been neglected. (iv) The equations may be used to generate a theoretical titration curve by calculating Vt for select values of E.
Numerical values or initial guesses were entered into a spreadsheet for the titrants and analytes: for each n, E˚, and C. The volume of analyte was entered, as was F/RT (at 25˚C). The experimentally measured indicator electrode potential, E, was entered into a separate column. Then, by the use of either Eq. (7) or (9), the theoretical volume of titrant was calculated. The experimental values of Vt at each E were entered in the next column. A weighting function, wE, equal to the derivative of potential with respect to the calculated volume at each potential, was employed. Then wEχE 2 (where χE = Vt,calc -Vt,exp at potential E) were summed.
To minimize ΣwEχE 2 , Excel Solver was employed. 27 Those parameters whose values were optimized during the minimization of ΣwEχE 2 , were assigned standard deviations by the use of de Levie's macro, Solveraid. 28 Equation (9) was tested on data from the literature 29 in which Fe(II) and U(IV) were titrated, first separately and then as a mixture, with MnO4 -. Agreement of n, C, and E˚ of fit to published results to within experimental error provides objective evidence of the validity of Eq. (9) and its originals.
When H + appears in a half reaction, the Nernst equation and thereby α or τ must be modified accordingly. For example, for the reduction of ascorbic acid analyte,
Similarly, for the titrant NBS,
Experimental
All chemicals were of analytical grade from Aldrich and were used as received. Deionized water was used in preparing all solutions. No effort was made to remove oxygen from solutions. The potential difference between the platinum wire indicator electrode and Ag/AgCl(s) reference electrode with salt bridge was monitored with a voltage follower. The output of the voltage follower was fed to an analog to digital converter with readings synchronized with drops of titrant added using Logger Pro 3 interface (Vernier Software & Technology, Beaverton, OR). The drop volume was in the neighborhood of 0.04 mL and was calibrated for each experiment. Twelve bits were available for digitizing the full scale (±10 V) of the voltage probe, yielding 5 mV resolution. Solution was stirred briskly with magnetic stirrer. Preliminary experiments did not use a salt bridge; rather, the Ag/AgCl reference electrode shared the same compartment with the indicator electrode.
Results and Discussion
The simplest case: The Fe(CN) 6 4-/3-couple was studied to
confirm the success of the equations in describing Nernstian behavior. In order to employ the derived equations, a titration of the oxidized form with the hydrated electron was mimicked by preparing a series of solutions with constant total moles of Fe(CN)6 3-+ Fe(CN)6 4-ranging from the totally oxidized to the totally reduced form, and with increasing volume (to simulate addition of a hypothetical solution of solvated electrons). The concentrations and compositions of the first and last solutions were 3.00 mM K3Fe(CN)6, and 2.50 mM K4Fe(CN)6, respectively. Data, shown in Fig. 1 , were analyzed with Eq. (7); the results are summarized in Table 1 . The potential for the solution containing ferrocyanide alone was more positive than expected, possibly due to partial air oxidation. Next case: Transition metals. 50.0 mL of 2.37 mM Fe(NH4)2(SO4)2(aq) was titrated with nominally 10.0 mM Ce(NH4)4(SO4)4(aq) containing 1N H2SO4. As the oxidant required the presence of sulfuric acid to dissolve, the same acid was added to the reductant to prevent a shift of its E˚ with pH during titration. The experimental data are shown in Fig. 2 and results of fitting with Eq. (9) are shown in Table 2 . The n values agree nicely with their true values. The concentration of analyte as determined by the fit is 5% high, the titrant concentration having been fixed at its true value. The reagent was noticeably clumped, leading to the suspicion that extra water had been adsorbed by the crystals. This was checked by titrating a separate ceric ammonium sulfate solution prepared in the same way against standardized acidified Fe(II). The latter was standardized against permanganate whose concentration was known by its titration against primary standard sodium oxalate. The observed concentration of Ce(IV) resulting from standardization was found to decrease with increasing duration of experiment, suggesting that oxygen is an effective competitor in reacting with Fe(II).
In this and subsequent titration curves, the theoretical curve is much sharper than the experimental curve. The fitting routine, in minimizing ΣwEχE 2 , places the theoretical curve midway (with respect to vt) through the endpoint. It is more reasonable to assume that deviation from Nernstian behavior is causing a stretching out of the titration curve in the endpoint region. Indeed, in the classic work referred to in the theory section, 29 this type of deviation is seen in the first endpoint of the mixture; while the individual titration curves for Fe(II) and U(IV) terminate at the endpoint and do not show the region beyond the endpoint, perhaps because of non-idealities in this region. For the data reported here, the reason for the deviation from ideal behavior is not known. Subsequent to minimization of ΣwEχE 2 , the theoretical fit analyte concentration was manually adjusted to give coincidence of theory and experiment at the beginning of the endpoint region. As seen throughout the results here, the analyte concentration found is within ±8% of the true value. Antioxidants (see below) were determined at the same level of accuracy in a mixture as individually. Obtaining data that more closely approaches ideal behavior will be one of the aims of future work.
Third case: 50.0 mL of 2.58 mM ascorbic acid containing 10 1351 ANALYTICAL SCIENCES NOVEMBER 2005, VOL. 21 Fig. 1 Titration of 3.00 mM K3Fe(CN)6 with 30.0 mM hydrated electron mimicked by a series of solutions of varying composition and increasing volume. Symbols represent data points (each an average of 1000 readings; standard deviation was ±3 mV); smooth curve is from calculations using Eq. (7). Results of fitting to Eq. (7); data shown in Fig. 1 . a. Fit is reported as optimized parameter ±2s where s is the standard deviation. b. Exact value not crucial; any number less than 0 V gave equivalent results. mM EDTA and 0.15 M acetic acid was titrated with 12.88 mM NBS containing the same acid. The results are shown in Fig. 3 and Table 3 . The fit for this and the remaining cases incorporates H + in Nernst relation as indicated in Eqs. (10) - (12) .
Note that both analyte and titrant exhibit same dependence on H + . The main effect of including the correction for H + in the Nernst equation was a positive shift of 59 mV per pH unit in both Eå and Et.
The standard reduction potential of the useful oxidant NBS has not been reported. NBS may hydrolyze to HOBr. 30 The standard redox potential of HOBr is 1.362 V vs. Ag/AgCl. An observed reduction potential of 1.180 V for NBS would imply an effective concentration of HOBr of 10 -3 M. The reduction of HOBr to 1/2Br2 (l) is a one electron process, and that must be followed by the reduction of 1/2Br2 (l) to Br -(aq) with a redox potential of 0.856 V vs. Ag/AgCl to explain the overall 2 electron reduction of titrant. This possibility was investigated by modifying the model to have a mixture of titrants, HOBr and Br2 (l). For preliminary data (see Experimental section), the best fit for the high potential data was obtained with [Br2] being approximately 20% of [NBS] . Subsequent experiments yielded data that were fit by only one titrant, as shown in Table 3 . Accepting that NBS hydrolyzes to HOBr, there are many details to investigate. This will be addressed elsewhere. The deviation of calculated n values from their theoretical values is due to the heavy weighting at the endpoint; manually entering 2 for each n did not change the fit qualitatively. However, if for NBS n is fixed at 2, then for ascorbic acid n = 2.00 ± 0.04. The utility of NBS as oxidant for organic reductants is clearly shown in its oxidation of ascorbic acid. The potential versus volume data show a clean break at the endpoint. This is in marked contrast to the case of Fe(III) as titrant for ascorbic acid (not shown), in which a clean break could not be observed. Further study to characterize NBS as oxidant is warranted.
The derivative weighting function shows its usefulness in definitely pinning the fit to the endpoint, the most important point for determining concentrations.
Other weighting functions, for example exponential or geometric, were tried with less success. The scope of usefulness and details of application of the derivative weighting function will be more thoroughly investigated in subsequent work.
Fourth case: 50.0 mL of 3.37 mM catechol containing 10 mM EDTA and 0.15 M acetic acid was titrated with 12.88 mM NBS containing the same acid. The results are shown in Fig. 4 and Table 4 . As for ascorbic acid, deviation of n from 2 results from small deviations of experiment from theory at the endpoint region. If n is set to 2 for NBS, then for catechol n = 2.00 ±
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ANALYTICAL SCIENCES NOVEMBER 2005, VOL. 21 0.01. The titrant's identity (and thus n) is generally known, and the analyte and titrant n values track together, as can be seen in Eq. (9) . The latter is ensured by the heavy weighting at the endpoint, noted above. For the catechol data, the cause of the hump at low potential is unknown. Fifth case: 50.0 mL of 2.66 mM ascorbic acid and 3.03 mM catechol with 10 mM EDTA and 0.15 M acetic acid was titrated with 12.88 mM NBS containing the same acid. The results are presented in Table 5 as well as in Fig. 5 . In this case, the deviation of the n values from their theoretical values does introduce a qualitative change in the fit, leading to poor fitting at the first endpoint. This is obvious by inspection and can be corrected manually. If the n for NBS is set at 2, the n values for ascorbic acid and catechol are 1.69 ± 0.01 and 2.39 ± 0.01, which greatly differ from those shown in Table 5 . The fit shown in Fig. 5 uses n values of 2 for each species.
Due to the similar concentration of ascorbic acid and catechol and the relatively large difference between Eå1 and Eå2 compared with RT/nF, two waves are clearly seen in the E vs. Vt plot. Better accuracy and precision in fitting will always be accompanied by distinct waves (and sharp endpoints) in the curve. But the power of the present technique, is that even in cases when distinct breaks are not observed, fitting can still be accomplished.
In all five cases above, the calculated and actual concentration of analyte agree rather well. In general, the calculated n values do not strictly match the expected value. The reason for this is not known. The deviation of the standard potentials from their expected values may be due in part to drift in the reference electrode potential.
Future studies will use the equations presented here to characterize tea antioxidants (E˚, n, C) and their modification after interaction with free radicals. In vitro studies will be performed with one or a mixture of two tea antioxidants. Of great interest would be the study of antioxidants that are excreted intact in urine. A change in E˚ would be indicative of alteration by combination with hydroxyl radical, OH · , and could serve as a marker for free radicals. The equations will also be used to investigate the utility of NBS as a titrant for reducing sugars, which are typically oxidized with sodium thiosulfate and the excess determined by ferrous sulfate.
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Conclusions
Equations are presented by which potential-volume data from a redox titration can be analyzed. Mixtures of analytes as well as of titrants may be analyzed. The equations can be easily implemented in Microsoft Excel. Agreement with actual values and good precision was demonstrated on a number of test cases. A novel derivative weighting function automatically ensures good fitting at the endpoint. Results with NBS confirm an earlier report of the hydrolysis of NBS. Further studies on this useful oxidant are currently underway. The Excel worksheet is available from the author upon request. 
